Professor Kazimierz Goebel has considerable and decisive achievements in the area of the metric fixed point theory; he authored several dozens of scientific papers and several books. He has educated 14 doctoral students and has spent many years as a visiting professor in foreign universities (in particular, in Iowa University, USA, where he had worked with professor William A. Kirk). During the period 1990-1999, Professor Goebel was a vice-Chancellor and the Chancellor of the Marie Skłodowska-Curie University in Lublin and in 1993-1995 he was the President of the Polish Mathematical Society.
Professor Lech Górniewicz is a specialist of international renown in topological fixed point theory, with a special emphasis on fixed point theory of multivalued mappings. He is an author of about 120 research papers, 3 books and some textbooks for students. He has educated 15 doctoral students and has cooperated with numerous foreign mathematical centers. From the very beginning, i.e., starting in 1992, Professor Górniewicz has managed the Juliusz Schauder Center for Nonlinear Analysis in Toruń and has acted as the Managing Editor of the journal Topological Methods in Nonlinear Analysis, edited by the Center.
The participants of the Sixth Symposium in Nonlinear Analysis were invited to submit their contributions to this issue of the Central European Journal of Mathematics; moreover, some authors not participating in this conference were also invited to contribute related work that fits into the subject. The 30 collected papers included in the current issue cover many branches of the vast area of nonlinear analysis. They are divided into some thematic groups. However, these groups overlap in a sense, since, as is characteristic for this branch of mathematics, many results from seemingly different areas find applications in other ones.
The first block of articles deal with ordinary differential and integral equations. As it appears, the theory of differential equations and/or differential inclusions offers a natural setting for the investigation of various nonlinear phenomena. The use of fixed point theory along with homotopy continuation methods (including applications of homotopy invariants) and variational techniques lead to interesting existence of structural results.
The article by Joanna Janczewska and Jakub Maksymiuk, opening the issue, deals with the autonomous Newton system of the second order differential equations in R 3 of the form¨ + ∇V ( ) = 0 with the potential V attaining global maximum at the origin and possessing an infinite number of singular points. This seems to be important from the viewpoint of possible applications in physical models, where potential forces often have infinitely deep wells. The existence of homoclinic solutions to this system is studied by the use of variational and geometric methods under some mild assumptions concerning the compactness of the potential at infinity and the so-called strong force condition introduced by W.B. Gordon (having an intrinsic physical meaning). The obtained results generalize those of P.H. Rabinowitz.
In the second paper, by J. Janczewska and Marek Izydorek, a similar problem is studied in the planar case. The authors assume that the potential has a single well of infinite depth at some point and a strict global maximum at two distinct points. Assuming the strong force condition the authors prove the existence and the multiplicity of homoclinic and heteroclinic solutions by the use of variational and geometric methods. The proof of the main result relies on the socalled Shadowing Chain Lemma. It is to be pointed out that the existence of infinitely many orbits joining stationary points indicates the possible chaotic behaviour of the system under consideration.
The paper of Sławomir Plaskacz and Magdalena Wiśniewska gives a simple and geometrically intuitive proof of the celebrated Filippov Lemma for differential inclusions. It relies on the idea of the use of the viability result for a differential inclusion with respect to a tube.
Grzegorz Bartuzel and Andrzej Fryszkowski establish an analogue of the Filippov Lemma for the second order semilinear (ordinary) differential inclusion with initial conditions that makes it possible to track solutions to the problem along a given function.
Stanisław Migórski presents a survey article on the mathematical modeling of some nonsmooth contact problems arising in mechanics and engineering sciences. The introduced approach provides an in-depth description of the situation; it involves hemivariational inequalities, subdifferential inclusions and related notions relying on techniques and methods of nonsmooth analysis.
Differential problems involving time-dependent impulses are studied in the paper by Marek Galewski. He considers a doubly parameterized second order semilinear differential equation with L 1 right hand side subject to the Dirichlet boundary condition and the impulse rule with regard to the speed depending on the state of the system at some prescribed moments in time. The existence of solutions is established by the use of direct variational methods (minimization of the corresponding energy functional) and their dependence on functional parameters is discussed.
The paper authored by Małgorzata Klimek and Marek Błasik concerns the so-called fractional differential equations involving fractional derivatives in the sense of Caputo sequences. These type of equations form an interesting and rapidly developing area of mathematical research. The authors introduce a new complete metric in the space of continuous functions on a compact interval and show that the considered problem of the existence of a solution to the so-called two-term semilinear and nonlinear fractional differential equation may be uniquely solved by the use of the Banach contraction principle, provided the nonlinear terms satisfy the corresponding Lipschitz conditions. Wojciech Mydlarczyk studies the class of Volterra integral equations of the form = * ( ) with the power kernel ( ) = 1−α , ∈ (−∞ ), and nonnegative nondecreasing . By the use of so-called Hilbert projective metrics, the uniqueness of solutions is established in the case α ∈ (1 4): it appears that if 1 2 are solutions, then they are equal up to the shift of arguments.
In his paper Józef Banaś provides a survey of results concerning the existence of solutions of some nonlinear differential and integral equations due to the author and his colleagues obtained by means of measures of noncompactness and the Darbo-type fixed point theorems. The author discusses several measures of noncompactness in function spaces and describes assumptions and techniques that lead to successful applications of the fixed point principles for contractive and/or condensing maps in the case of concrete integral operators.
Generalizations of the well-known Krasnosel'skii Fixed Point Theorem concerning sums of contractive and compact maps are discussed in the paper of Bogdan Przeradzki. The author shows that if K is a bounded convex subset of a Banach space A B : K → X , where A is compact and B is a generalized contraction in the sense of Krasnosel'skii and Vainikko, and A + B maps K into itself, then A + B has a fixed point. The result is applied to get the existence of fixed points of perturbations of the Urysohn integral operator by the Nemytskii map.
A large interest in nonlinear analysis is focused around equations arising in mathematical physics, i.e., mainly partial differential equations. These topics are included in the following articles.
In their paper, Piotr Gwiazda, Piotr Minakowski and Aneta Wróblewska-Kamińska consider a strongly nonlinear monotone elliptic problem with Dirichlet boundary conditions in Orlicz spaces. In order to obtain the existence of weak solutions, the authors use the so-called L ∞ -truncation method and the techniques of the Hardy-Littlewood maximal functional along with the Minty-Browder trick for non-reflexive and non-separable Banach spaces.
Agnieszka Kałamajska and Katarzyna Pietruska-Pałuba study some new integral inequalities of Hardy-type in Orlicz spaces with power, power-logarithmic and power-exponential weights, and describe in detail sets of functions satisfying these inequalities.
Mikhail Borsuk and Damian Wiśniewski study the asymptotic behaviour of weak solutions, and their gradients, to a quasi-linear elliptic partial differential equation in divergence form defined in an unbounded domain that extends in a sense to infinity along a given cone in R subject to mixed nonlinear boundary conditions of Robin-type.
The next articles concern the theory of dynamical systems. From the very beginning, these questions are the subject of intense research activity and a source of ideas and examples.
Marcin Kulczycki and Magdalena Nowak present sufficient conditions implying that a continuum C ⊂ R admits an embedding into R such that (C ) is not an attractor of any iterated function system (IFS). They provide also an example of a subcontinuum in R 2 that is not an attractor of any weak IFS.
The paper by Krzysztof Leśniak provides a short survey of results concerning the importance of the Knaster-Tarski Fixed Point Principle in the study of the existence of invariant sets of discrete multivalued semidynamical systems and, in particular, iterated function systems (cf. the Barnsley-Hutchinson operator). The author sketches the history of the fixed point theoretic framework of the problem, discusses the restrictions of the classical fixed point theories (Banach, Schauder, etc.) in the setting of hyperspaces of sets and shows the advantages of the fixed point results for maps defined on posets and the role of appropriately used measures of noncompactness in the studied area.
In their paper, Jacobo Pejsachowicz and Robert Skiba consider a family of discrete nonautonomous asymptotically hyperbolic systems on R parameterized by the circle S 1 . After forming an abstract model over the space 2 (R ), the authors establish the existence of unbounded connected branches of nontrivial homoclinic trajectories bifurcating from the trivial branch of stationary solutions. The main assumption involves the different twisting (reflected by the StiefelWhitney classes) of the asymptotic stable vector bundles over S 1 at +∞ and −∞ generated by the linearization of the systems.
The survey paper by Krzysztof Ciesielski describes the modern state of the art in the theory of dynamical systems related to the celebrated Poincaré-Bendixson Theorem. The author provides a detailed discussion of the developments of the theory starting with early contributions due to Poincaré and Bendixson, and ending with modern results due to Gutierrez, Hajek and others. The results are illustrated by numerous examples and comments.
Algebraic topology (with its equivariant variants) and its methods play an important role in modern analysis. Some contributions in this direction were presented during the Symposium.
In his paper, Maciej Starostka investigates finite dimensional approximations of the monopole map defined on a closed oriented Riemannian 4-manifold X in the spirit of S. Bauer and M. Furuta. Under the assumption that the first Betti number vanishes, he introduces a certain abstract topological degree and shows that it coincides with the SeibergWitten invariant. In this manner he is able to provide a simple proof of the so-called Wall Crossing Formula which relies only on the homotopy invariance of the topological degree: one need not enter the details in the Seiberg-Witten theory. Moreover, the presented approach seems to have interesting perspectives since it shows that some phenomena in gauge theories may be studied by abstract topological techniques.
The purpose of the paper by Marcin Styborski is to establish a generalization of the Morse equation (in the spirit of Conley-Zehnder) for an equivariant flow acting in a representation of a compact Lie group. As an illustration, the author provides the study of relationships between the equivariant Conley index of invariant sets of the flow generated bẏ = ∇ ( ), with invariant function and the equivariant topological degree of ∇ , developing some ideas of K. Gęba.
The article by Grzegorz Graff and Agnieszka Kaczkowska treats a smooth self-map of a closed connected simply connected manifold M of dimension ≥ 4. The authors define a homotopy invariant J[ ] as the minimal number of periodic points of maps in the smooth homotopy class of with the period less than or equal to a given integer , and determine J[ ] when the second Betti number of M is less than 5; moreover, they provide estimates for J[ ] in the general case.
Zdzisław Dzedzej defines a topological degree for equivariant completely continuous set-valued fields possessing compact convex values via equivariant graph-approximation techniques introduced by himself and Kryszewski. Using this degree and some available methods for its computation, the multiplicity of solutions to second order differential inclusions involving symmetries is obtained.
Mirosław Ślosarski studies the notion of an admissible multi-homotopy (i.e., roughly speaking a set-valued map defined on a Cartesian product of a space and the unit interval whose values are continuous images of cell-like sets) and discusses the relation of multi-contractibility of a space with its acyclicity in the sense ofČech homology with rational coefficients.
Leonid Plachta studies tiled tori in the sense of Birman and Menasco essential tori in closed braid complements in R 3 . He distinguishes some classes of such tori and discusses relations between them. In particular, he defines a proper subclass B of typical tiled tori and shows that it contains all thin tiled tori in the sense of Ng.
The geometry of Banach spaces along with the metric fixed point theory attracts the attention of many researches. These issues are represented here by the following articles.
In his paper, Krzysztof Bolibok recalls the notion of the minimal displacement ψ X ( ) for lipschitzian maps with constant acting on a Banach space X , due to K. Goebel, and provides its lower estimate in the case X = ∞ .
Janusz Matkowski studies a mean-type map M defined on the product I , where I = [0 1], such that the sequence (M ) of iterates converges pointwise to the map µ M . He establishes the explicit form of µ M for certain classes of mean-type maps. It should be noted that, in general, mean-type maps are not nonexpansive.
Tadeusz Rzeżuchowski recalls some known metrics in the hyperspace of convex compact subsets of a Euclidean space (e.g. the Hausdorff metric), defines a new metric and studies its properties as well as relations with the older ones. The advantage of this new metric is that it preserves in some sense the facial structure of a convex set under small perturbation with respect to the distance.
The current issue contains also some papers treating subjects closely related to the above ones, concerning operator theory.
Adam Kanigowski and Wojciech Kryszewski deal with some generalizations of the celebrated Perron-Frobenius and Krein-Rutman Theorems concerning spectral properties of linear and possibly unbounded operators on cones in Banach spaces. The main issue is to establish sufficient conditions for the cone invariance with respect to the resolvent in terms of the so-called tangency and weak range conditions and relations between some spectral bounds of the operator.
The paper by Iryna and Taras Banakh, Anatolij Plichko and Anatoliy Prykarpatsky provides a characterization of local convexity of nonlinear maps of open subsets of Hilbert or Banach spaces (meaning that images of sufficiently small balls remain convex). The local convexity of maps seems to be important from the viewpoint of applications in some branches of nonlinear analysis, e.g. in the theory of differential equations, control theory and fixed point theory. The authors provide sufficient conditions for local convexity of the studied maps in terms of the introduced Lipschitz constants and the so-called 2-convexity number of the underlying Banach space (the modified modulus of convexity).
Andrzej and Wilhelmina Smajdor study concave iteration semigroups {F } ≥0 of linear continuous set-valued mappings defined in a convex cone K in a Banach space under the assumption of the existence of the Hukuhara differences F 0 ( ) − F ( ) for each ∈ K and > 0. They prove a formula relating the Hukuhara derivative of F ( ), ∈ K , with respect to and the 'generator' of {F }, i.e., the Hukuhara derivative of F ( ) at = 0. The obtained result relaxes previously considered situations and shows similarities of the studied case with strongly continuous semigroups of linear (bounded) operators.
The last paper contained in the current issue is somewhat 'extraterritorial', belonging rather to stochastic analysis. Łukasz Kruk introduces a mathematically rigorous model for the order book dynamics. He considers a continuous-time, infinite-horizon economy with a single asset paying no dividends under some assumptions concerning trades allowed. The set of limit orders is modeled and its limiting distribution is established. In addition, the limiting behaviour of the bid-ask characteristics is obtained.
All the papers appearing in this issue of CEJM were subject to the thorough peer-review procedure according to the high standards of the journal.
